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We investigate the phase diagram of quantum gravity with a vertex expansion about constantly-
curved backgrounds. The graviton two- and three-point function are evaluated with a spectral sum
on a sphere. We obtain, for the first time, curvature-dependent UV fixed point functions of the
dynamical fluctuation couplings g∗(R), µ∗(R), and λ∗3(R), and the background f(R)-potential.
Based on these fixed point functions we compute solutions to the quantum and the background
equation of motion with and without Standard Model matter. We have checked that the solutions
are robust against changes of the truncation.
I. INTRODUCTION
Modern theoretical physics is built upon two pillars,
namely quantum field theory and general relativity. The-
ories of quantum gravity aim at the unification of grav-
ity with quantum dynamics. A candidate for a quantum
theory of gravity is the asymptotic safety scenario, which
goes back to Weinberg’s idea in 1976 [1]. Its construc-
tion is based on a non-trivial ultraviolet fixed point in the
renormalisation group flow. The fixed point of asymp-
totic safety implies coupling constants that are finite at
arbitrarily high energy scales, while they depend only on
a finite number of free parameters. Hence, an asymp-
totically safe quantum field theory does not necessarily
have a scale of maximal validity and thus can potentially
describe physical interactions at the most fundamental
level. The possibility of an interacting ultraviolet fixed in
quantum gravity attracted increasing attention over the
last two decades. Beginning with the pioneering work
by Reuter [2], good evidence for its existence was found
in pure gravity setups as well as in systems with gravity
coupled to gauge and matter fields [3–70]. For reviews
see [71–76].
Most studies on asymptotically safe quantum grav-
ity are based on the functional renormalisation group
(FRG), [77] and [78, 79]. In its modern form as a flow
equation for the effective action Γ[φ] of the theory it con-
stitutes a powerful method for non-perturbative calcu-
lations in continuum quantum field theory. Here φ is a
super-field that comprises all fields in the theory. This
formulation, as all formulations based on metric correla-
tion functions, demands the introduction of a background
metric g¯µν and a corresponding fluctuation field hµν . In-
evitably, correlation functions as well as the effective ac-
tion depend separately on these fields. Note however,
that it is the correlation functions of the fluctuation field
that carry the dynamics of the system. Indeed, the flow
equation for the effective action is directly proportional
to the two-point function (propagator) of the fluctuation
field in a general background. Phrased differently, the
solution of the flow equation requires the knowledge of
two-point and higher correlation functions of the fluctua-
tion field. This already entails that the correlation func-
tions of the background field and mixed correlations of
background and fluctuation can only be constructed on
the basis of the pure fluctuation field correlations. More
details on these important relation and a brief overview
of the current state is provided in Sec. II.
Our setup is detailed in Sec. III A and allows for the
computation and the distinction of the background and
quantum equation of motion (EoM). We argue that these
equations have a common solution at a vanishing in-
frared FRG cutoff scale k = 0 due to background in-
dependence. In turn, the solutions to the background
and quantum EoM do not agree at a finite cutoff scale
k 6= 0, which signals the loss of background indepen-
dence in the presence of the FRG-regulator. This is also
seen in our explicit computations at the ultraviolet fixed
point. We further argue that the quantum EoM, and not
the background EoM, should be used to determine the
self-consistent background at finite k.
Solutions to the background EoM appear as minimum
in the background potential f(R)/R2, which we com-
pute for the first time from the dynamical background-
dependent fluctuation couplings without a background
field approximation. In the present work we compute
the ultraviolet fixed point background potential f∗(R).
Interestingly, in the pure quantum gravity setting we do
not find a solution to the background EoM, while a so-
lution appears at small positive curvature for Standard
Model matter content. The quantum EoM on the other
hand has a solution also in the pure quantum gravity
setting.
This work is organised as follows: In Sec. II we dis-
cuss the importance of background independence and its
manifestation in the current framework. This includes a
brief overview and description of the results obtained in
the literature. In Sec. III A we introduce the FRG with
a particular focus on the background and quantum EoM
and the Nielsen identity that relates them. We further-
more introduce the vertex expansion used in this work. In
Sec.IV we construct an approximate momentum space on
spherical curved backgrounds. This allows us to use pre-
viously developed techniques that were based on running
correlation functions in momentum space. In Sec. V we
present our results, which include the non-trivial ultra-
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2violet fixed point functions for the dynamical couplings
as well as a detailed discussion of the background and
quantum EoM. In Sec.VI we summarise our results. The
technical details are specified in the appendices.
II. BACKGROUND INDEPENDENCE IN
QUANTUM GRAVITY
Most applications of the FRG to quantum gravity to
date do not resolve the difference between background
and fluctuation field and employ the background field
approximation. There only one metric gµν = g¯µν + hµν
is used in the effective action. However, the non-trivial
interplay of the metric fluctuations with the background
plays a decisive roˆle for background independence of the
theory. These non-trivial relations are governed by non-
trivial split-Ward or Nielsen identities (NIs), see e.g. [15–
17, 80–88] for formal progress and applications in scalar
theories, gauge theories and gravity. Accordingly, the
background field approximation violates the NIs, which
leads to the seemingly contradictory situation that it is
at odds with background independence even though it
only features one metric. In the past decade quite some
progress has been made in overcoming the background
field approximation, see [3–21, 80–88].
A. Approaches to fluctuation and background
correlation functions
All these works should be seen in the context of
gaining background independence and physical diffeo-
morphism invariance in asymptotically safe gravity.
Here we briefly summarise the state of the art within
the different approaches.
(1) One approach utilises the fact that the NIs relate
background metric correlations to fluctuation ones. This
leaves us with a system of one type of correlations
and it is possible to solve the system of flow equations
for fluctuation correlation functions either directly or
implicitly. This strategy has been set-up and pursued in
[15–17, 80–88] for generic theories within the background
field approach. At present, applications in gravity still
utilise the background field approximation beyond either
the first order, or the second order in the fluctuation
field [15]. Such a closure of the flow equation with
the background field approximation is mandatory and
all approaches aim at introducing this approximation
on a high order of the fluctuation field. Note in this
context that it is only the second and higher order n-
point functions of the fluctuation field that drive the flow.
(2a) A second approach utilises the fact that the
dynamics of the system is carried by the correlation
functions of the fluctuation field. This is also reflected
by the fact that the system of flow equations for the
fluctuation correlations is closed. Consequently one may
solve these flows for a specific background metric that
facilitates the computation, e.g. the flat background.
Then, background correlations are computed within
an expansion or extension about the flat background
in order to access the physical background that solves
the quantum EoM. This strategy has been set-up and
pursued in [3–8, 10–14] for gravity, also guided by
successful applications in non-Abelian gauge theories,
see e.g. [89–93]. At present, fluctuation correlations up
to the four-point function have been included [11], as
well as a full fluctuation effective potential [14]. First
results in a Taylor expansion of the background about a
flat one have been presented in [12].
(2b) A third approach avoids the latter step of extend-
ing the results to physical backgrounds by computing
instantly the flow equations for the fluctuation correla-
tion functions for general backgrounds. This has been
investigated in [18–21]. As in the other approaches, the
background field approximation has been used for higher
correlation functions. At present, this holds for all cor-
relation functions beyond the one-point function of the
fluctuation field.
III. GENERAL FRAMEWORK
In the present work we develop an approach in the class
(2b). The present work does a qualitative step towards
background independence and diffeomorphism invariance
in asymptotically safe gravity by computing fluctuation
correlation functions up to the three-point function as
well as the full f(R)-potential of the background field. As
already mentioned in the introduction, we compute the
fixed point potential f∗(R) for k → ∞ but the present
approach also allows for its computation in the physical
limit k → 0. This potential certainly has interesting ap-
plications in cosmology. The interplay of asymptotically
safe gravity and cosmology is investigated in e.g. [75, 94–
116], and we hope to add to this in the near future.
The present approach is built on the vertex expan-
sion setup to quantum gravity put forward in [3–8, 10–
14]. However, instead of expanding about the flat back-
ground, we consider for the first time coupling constants
of the dynamical graviton field as arbitrary functions of
the background curvature. We restrict ourselves to spher-
ical backgrounds. A key point for this is the construc-
tion of an approximate momentum space, which allows us
to utilise the previously developed techniques of running
metric correlators in momentum space. With the result-
ing curvature-dependent dynamical couplings we find vi-
able ultraviolet fixed point functions for all curvatures of
the spherical background considered. Interestingly these
fixed point functions of the effective couplings are almost
curvature independent: the couplings try to counterbal-
ance the explicit curvature dependence and thus try to
keep the fixed point curvature independent. The fixed
point functions provide further evidence in favour of the
asymptotic safety scenario.
3A. FRG and Nielsen identities for gravity
In order to compute correlation functions in quantum
gravity we utilise the FRG approach to gravity [2]. In
this approach the functional integral involves a momen-
tum dependent mass function Rk, which acts as an in-
frared regulator suppressing momenta p2 . k2 relative
to the cutoff scale k. This leads to a scale-dependent ef-
fective action Γk[g¯, φ], which includes contributions from
high momentum fluctuations. Here the dynamical met-
ric gµν = g¯µν +
√
ZhGNhµν is expanded around a non-
dynamical background metric g¯ with the fluctuations h.
The fluctuation field is rescaled with Newton’s coupling
such that it has the standard mass-dimension one of a
bosonic field. In this work we utilise a linear metric split
and we restrict g¯ to spherical backgrounds. Combined
with ghost fields c, c¯ we denote the fluctuation super-field
φ = (h, c, c¯). The scale-dependence of Γk is then dictated
by the flow equation [77–79],
∂tΓk =
1
2
Tr
[
Ghh,k ∂tRh,k
]− Tr [Gc¯c,k ∂tRc,k] , (1)
with the graviton and ghost regulators Rh,k and Rc,k re-
spectively. The regulator terms are diagonal (symplectic)
in field space, hence the diagonal graviton and (symplec-
tic) ghost propagators, Ghh,k and Gc¯c,k, read
Gk =
(
Γ
(0,2)
k +Rk
)−1
, (2)
with the general one-particle irreducible correlation func-
tions given as derivatives of the effective action,
Γ(n,m)[g¯, h] =
δΓ[g¯, h]
δg¯nδhm
. (3)
In (1) we have introduced the derivative with respect to
the RG time t = log k/kin where kin is a reference scale,
usually taken to be the initial scale. The trace implies
integrals over continuous and sums over discrete indices.
An important issue in quantum gravity is the back-
ground independence of physical observables. They are
expectation values of diffeomorphism invariant operators,
and hence do not depend on the gauge fixing. Exam-
ples for such observables are correlations of the curvature
scalar. Another relevant example is the free energy of
the theory, − logZ[g¯, J = 0], with δZ[g¯, J = 0]/δg¯ = 0.
These observables cannot depend on the choice of the
background metric, which only enters via the gauge fix-
ing. The latter fact is encoded in the NI for the effective
action: The difference between background derivatives
and fluctuation derivatives is proportional to derivatives
of the gauge fixing sector,
NI =
δΓ
δg¯µν
− δΓ
δhµν
−
〈[
δ
δg¯µν
− δ
δhˆµν
]
(Sgf + Sgh)
〉
= 0 , (4)
where Sgf is the gauge fixing term and Sgh is the cor-
responding ghost term, and hµν = 〈hˆµν〉. Note that
(4) is nothing but the Dyson-Schwinger equation for the
difference of derivatives w.r.t. g¯ and h. For the fully
diffeomorphism-invariant Vilkovisky-deWitt or geometri-
cal effective action the relation (4) is even more concise:
the split is not linear and we have g = g¯+ f(g¯, h), where
f(g¯, h) =
√
GNh+O(h
2) depends on the Vilkovisky con-
nection. The NI then reads
NIgeo =
δΓgeo
δg¯µν
− C(g¯, h)δΓgeo
δhµν
= 0 , (5)
where C(g¯, h) is the expectation value of the (covariant)
derivative of h(g¯, g), for a discussion in the present FRG
setting see [15, 82–84].
The NIs, (4) and (5), entail that in both cases the
effective action is not a function of g = g¯ + h or g =
g¯ + f(g¯, h) respectively. This property holds for general
splits, and prevents the simple expansion of the effective
action in terms of diffeomorphism invariants. Apart from
this disappointing consequence of the NIs, it also entails
good news: the effective action only depends on one field
as background and fluctuation derivatives are connected.
An important property that follows from background
independence is the fact that a solution of the background
equation of motion (EoM)
δΓ[g¯, h]
δg¯µν
∣∣∣∣
g¯=g¯eom,h=0
= 0 , (6)
is also one of the quantum EoM,
δΓ[g¯, h]
δhµν
∣∣∣∣
g¯=g¯eom,h=0
= 0 . (7)
see e.g. [93] for a discussion of this in Yang-Mills theories.
In (6) and (7) we have already taken the standard choice
h = 0 but the statement hold for general combinations
g¯EoM(h) that solves either of the equations. The con-
cise form (5) for the geometrical effective action makes it
apparent that a solution of either EoM, (6) or (7), also
entails a solution of the other one. Note that at h = 0
we have C(g¯, 0) = 1.
Even though less apparent, the same holds true for the
effective action in the linear split: to that end we solve the
quantum EoM (7) as an equation for g¯eom(h). As the cur-
rent J in the generating functional simply is J = δΓ/δh,
the quantum EoM implies the vanishing of J and the ef-
fective action is given by Γ[g¯eom(0), 0] = − logZ[g¯, J =
0], the free energy. However, we have already discussed
that logZ[g¯, 0] is background-independent and it follows
that (6) holds.
The above properties and relations are a cornerstone of
the background formalism as they encode background in-
dependence of observables. The NIs also link background
diffeomorphism invariance to the Slavnov-Taylor identi-
ties (STIs) that hold for diffeomorphism transformations
of the fluctuation field: the quantum deformation of clas-
sical diffeomorphism symmetry is either encoded in the
4expectation value of the gauge fixing sector or in the ex-
pectation value C(g¯, h).
At finite k, the regulator term introduces a genuine
dependence on the background field. Then logZk[g¯, 0]
is not background independent. Consequently the STIs
turns into modified STIs (mSTIs) and the NIs turn into
modified NIs (mNIs). For the linear split, the mNI reads
mNI = NI− 1
2
Tr
[
1√
g¯
δ
√
g¯Rk[g¯]
δg¯µν
Gk
]
= 0 , (8)
see [80, 81] for details and [117] for an application to
quantum gravity. Importantly the right-hand side of (8)
signals the loss of background independence. It is pro-
portional to the regulator and vanishes for k → 0 where
background independence is restored. A similar viola-
tion of background independence linear in the regulator
is present in the geometrical approach, see [15, 82–84].
In summary this leaves us with non-equivalent solu-
tions to the EoMs in the presence of the regulator: a
solution of the quantum EoM (7) does not solve the back-
ground EoM (6). However, typically the asymptotically
safe UV regime of quantum gravity is accessed in the
limit k →∞ as this already encodes the important scal-
ing information in this regime. In the present paper we
also follow this strategy and hence we have to deal with
different solutions of background and quantum EoMs, if
they exist at all. Note that the right-hand side of the
mNI is simply the expectation value of the background
derivative of the regulator term. Accordingly it is the
background EoM that is deformed directly by the pres-
ence of the regulator while the quantum EoM feels its
influence only indirectly. Therefore it is suggestive to
estimate the physical UV-limit of the EoM in the limit
k → 0 by the quantum EoM in the limit k →∞.
Studies in asymptotically safe quantum gravity have
focused so far on finding solutions to (6). For instance
in [116] they didn’t find a solution to (6) in a polyno-
mial expansion with the background field approximation.
Other approaches with the background field approxima-
tion found a solution with the exponential parameter-
isation [118, 119] and within the geometrical approach
[43, 49]. In this work we are for the first time able to
disentangle (6) and (7) in a quantum gravity setting and
look for separate solutions to the EoMs.
We disentangle the background and fluctuation field by
expanding the scale dependent effective action around a
background according to
Γk[g¯, h] =
∞∑
n=0
1
n!
Γ
(0,n)
k [g¯, h = 0]h
n . (9)
The flow equations that govern the scale-dependence of
the vertex functions are obtained by n field derivatives
of the flow equation for the effective action (1). They
are depicted in a diagrammatic language in Fig. 1 for
cases n = 2 and n = 3. These flow equations are familiar
from computations on a flat background [3, 5, 6, 11], here
∂tΓ
(2)
k =−
1
2
+ − 2
∂tΓ
(3)
k =−
1
2
+ 3 − 3 + 6
FIG. 1. Displayed are the diagrammatic representations of the
flows of the graviton two- and three-point functions. Double
and dashed lines represent dressed graviton and ghost propa-
gators respectively, while filled circles denote dressed vertices.
Crossed circles stand for regulator insertions. All quantities
are explicit background curvature dependent and carry fur-
ther background curvature dependence via the spectral value
of the respective vertex/propagator.
however all propagators and propagators depend non-
trivially on the background.
From here on we drop the index k to improve read-
ability, the scale dependence of the couplings, correlation
functions and wavefunction renormalisations is implicitly
understood.
B. Background independence in non-perturbative
expansion schemes
It is important to discuss the relations of the ap-
proaches described in Sec. II in particular for future de-
velopments and the full resolution of physical background
independence. This chapter extends a similar discussion
from [11] in the context of modified STIs for diffeomor-
phism transformations to NIs. Despite its importance
one may skip this chapter for a first reading as its results
are not necessary for the derivations and computations
presented in this work.
We have technically very different options to access
physical background independence of quantum gravity.
Seemingly they have different advantages and disad-
vantages. For example, approach (1) via the NIs has
the charm of directly implementing background indepen-
dence. In turn, the results of (2b) may apparently not
satisfy the NIs.
For resolving this issue it is instructive to discuss ap-
proach (2a). There the fluctuation correlation functions
are computed for a specific background. Results for gen-
eral backgrounds have then to be obtained with an expan-
sion/extension of the results for the specific background.
This could be done via the NIs in which case background
independence is guaranteed. This procedure for guaran-
teeing STIs and NIs has been discussed in detail in [120]
in the context of non-Abelian gauge theories, and in [11]
for gravity. We briefly repeat and extend the structural
argument presented there: First we notice that the func-
tional equations for all correlation functions can be cast
in the form
Γ(n,m)[g¯, h] = FRGn,m[{Γ(i≤n , 2≤j≤m+2)[g¯, h]}, g¯] . (10)
5Eq. (10) follows from integrating the functional renormal-
isation group equations for Γ(n,m), which have precisely
the same structure for all theories: the flows of Γ(n,m) are
given by one-loop diagrams with full propagators and full
vertices. The latter are given in terms of the correlation
functions {Γ(i≤n , 2≤j≤m+2)}, see e.g. [83, 120]. This also
entails that the lowest fluctuation correlation function
that contributes to the diagrams is the two-point func-
tion, i.e. the propagator.
In gravity (10) follows straightforwardly from (1) by
integrating the flow equation and taking g¯- and h-
derivatives. As a side remark we note that the order
of derivatives on the right-hand side is different within
other functional approaches. For example, for Dyson-
Schwinger equations (DSE) the right-hand side DSEn,m
for the Γ(n,m) depends on {Γ(i≤n,j≤m+r−2)} and contain
up to r − 2-loop diagrams. Here r is the highest order
of the field in the classical action, see e.g. [83]. In typi-
cal examples of renormalisable theories we have r = 3, 4,
but in gravity we have r = ∞. This singles out the
flow equation for gravity as the only functional approach
that only connects a finite order of correlation functions
in each equation. The coupling of the whole tower of
equations then comes from the highest order correlation
functions on the right-hand side. In turn, each DSE al-
ready contains all orders on the right-hand side of (10),
that is 2 ≤ j without upper bound. Similar statements
as for the DSE hold for 2PI or nPI hierarchies.
Importantly, for all functional approaches the right-
hand side of (10) goes only up to the same order of
background metric derivatives, i ≤ n. This allows us
to view (10) as functional relations for the highest order
background metric correlation functions that have as an
input {Γ(n−1,m)}. Moreover, the NI relates a derivative
w.r.t. g¯ to one w.r.t. h. For emphasising the similarities
to the functional relations (10) we rewrite the NI. For
simplicity we use the linear split NI, (4) and (8),
Γ(n,m)[g¯, h] = Γ(n−1,m+1)[g¯, h] (11)
+Nn,m[G, {Γ(i≤n−1,j≤m+1)[g¯, h]}, g¯] ,
where N stands for the expectation value in (4), and
additionally for the regulator loop in (8), and we have
singled out the propagator G for elucidating the orders
of the correlation functions on both sides. Importantly,
(11) makes the fact apparent that for the NI, (4) and
(8), the order of background derivatives is at most n− 1.
Note also that (11) is nothing but the difference of the
Dyson-Schwinger equation for h and g¯ derivatives. In
this difference the terms with the higher vertices with
j ≥ m+ 2 drop out.
In summary this leaves us with two towers of functional
relations. While the first one, (10) describes the full
set of correlation functions, the second one, (11) can be
used to iteratively solve the tower of mixed fluctuation-
background correlations on the basis of the fluctuating
correlation functions {Γ(0,m)}. In both cases we can solve
the system for the higher-order correlations of the back-
ground on the basis of the lower order correlations. If we
use (11) with an iteration starting with the results from
the flow equation for {Γ(0,m)[g¯sp, h]} for a specific back-
ground g¯sp, this closure of the system automatically satis-
fies the NI. Accordingly, any set of fluctuation correlation
functions {Γ(0,m)[g¯sp, h]} can be iteratively extended to
a full set of fluctuation-background correlation functions
in an iterative procedure. Note that this procedure can
be also applied to the case (2b).
While this seems to indicate that satisfying the symme-
try identities is not relevant (it can be done for all inputs),
it points at a more intricate structure already known from
non-Abelian gauge theories. To that end let us assume
we have derived a global unique solution of all correlation
functions within this iterative procedure starting from
the fluctuations correlation functions. If no approxima-
tion is involved, this solution automatically would sat-
isfy the full set of functional relations for {Γ(n,m)} that
can be derived from the flow equation. However, in the
presence of approximations these additional functional
relations represent infinite many additional constraints
on the iterative solution. These constraints are bound to
fail in generic non-perturbative approximation schemes
as any functional relation triggers specific resummations
in given approximations. It is a priori not clear which
of the functional relations are more important. Note
also that typically the iterative solutions of the symme-
try identities are bound to violate the locality constraints
of local quantum field theories that are tightly connected
to the unitarity of the theory. In conclusion it is fair to
say that only a combination of all approaches is likely
to provide a final resolution of physical background inde-
pendence and diffeomorphism invariance in combination
with unitarity.
IV. VERTICES IN CURVED BACKGROUNDS
This section contains technical details about the con-
struction of an approximate momentum space and the
vertex flow equations on curved backgrounds. If one is
not interested in these details, one may proceed to Sec.V.
A. Spectral decomposition
We extend our previous expansion schemes about the
flat Euclidean background to one that allows for arbitrary
constant curvatures. To that end we first discuss the pro-
cedure at the example of the propagators: propagators
for non-trivial metrics g¯ with constant curvature can be
written in terms of the scalar Laplacian ∆g¯ = −∇¯2 and
curvature terms proportional to the background scalar
curvature R¯,
G = G(∆g¯, R¯) . (12)
For the flat metric (12) reduces to G(p2, 0), where p2 are
the continuous spectral values of the flat scalar Laplacian.
6In a spectral basis the propagator is diagonal and reads
for general curvatures
〈ϕλ|G|ϕλ〉|λ=p2 = G(p2, R¯) , (13)
and λ = p2 are the discrete or continuous eigenvalues
for the given metric, and {|ϕλ=p2〉} is the orthonormal
complete basis of eigenfunctions of the scalar Laplacian
∆g¯|ϕλ〉 = λ|ϕλ=p2〉 , (14)
see App. A for explicit expression for the propagator.
The tricky part in this representation are the vertices,
which are operators that map n vectors onto the real
numbers. For example the three-point function can be
written in a spectral representation in terms of an ex-
pansion in the tensor basis with eigenfunctions of ∆g¯,
Γ(3) =
∑∫
λ1,λ2,λ3
Γ(3)(λ1, λ2, λ3, R¯)〈ϕλ1 | ⊗ 〈ϕλ2 | ⊗ 〈ϕλ3 | ,
(15)
where the spectral values in general also depend on the
curvature and
∑∫
runs over discrete or continuous spectral
values. Also,
∑∫
may also include a non-trivial spectral
measure weight µ(λ). The representation of the higher
n-point functions follows straightforwardly from (15). In-
serting this into the flow equation of the inverse propa-
gator, we arrive at
∂tΓ
(2)(λ, R¯) =− 1
2
∑∫
λ1
Γ(4)(λ, λ, λ1, λ1, R¯)(GR˙kG)(λ1, R¯)
+
∑∫
λ2,λ3
Γ(3)(λ, λ2, λ3, R¯)G(λ2, R¯)
× (GR˙kG)(λ3, R¯)Γ(3)(λ3, λ2, λ, R¯) , (16)
where we denoted R˙k = ∂tRk. The vertex functions Γ
(n)
are complicated functions of λi.
On a flat background, the eigenfunctions of the Laplace
operator are also eigenfunctions of the partial deriva-
tives and the representation of the vertex functions fol-
lows trivially. On a curved background, however, the
covariant derivatives do not commute with the Laplace
operator and the representation of uncontracted covari-
ant derivatives on the set of functions {|ϕλ=p2〉} is com-
plicated. One could tackle this problem with e.g. off-
diagonal heat-kernel methods, but then a derivative ex-
pansion in momenta and curvature is necessary [12].
In this work we construct an approximate momentum
space on a curved background, which facilitates compu-
tations considerably and allows for full momentum and
curvature dependences. In order to derive the vertex
functions, we first take functional derivatives with re-
spect to the Einstein-Hilbert action on an arbitrary back-
ground. The result is a function depending on the Lapla-
cian, products of covariant derivatives with respect to
coinciding or different spacetime points and explicit cur-
vature terms. In the expression for the vertex functions
we symmetrise all covariant derivatives, which produces
further R¯-terms
∇¯µ∇¯ν = {∇¯µ, ∇¯ν}+ R¯−terms . (17)
In the curved momentum space approximation here, the
product of symmetrised covariant derivatives acts on the
set {|ϕλ=p2〉} according to
∇¯1 · ∇¯2 = pg · qg =
√
p2
√
q2 x , with x = cos θflat ,
(18)
with an integration measure
∫ √
1− sin2 θ d cos θ. The
integration measure is chosen such that in the limit
R¯→ 0 precisely the flat results are obtained. As a conse-
quence, in this approximation
∑∫
factorises into an angu-
lar integration and a sum/integration over the spectral
values of ∆g¯. According to (18), external spectral val-
ues are described by the angle to the internal one and
their absolute values, which appear as parameters that
can be treated as real numbers. We emphasise that this
curved momentum space approximation has the correct
flat background limit by construction and is correct for
all terms that contain only Laplace operators. A compar-
ison of the approximation as a function of the background
curvature is detailed in App. C. With the above approxi-
mation associated with covariant derivatives, we arrive at
a relatively simple flat-background-type representation of
the flow equation in terms of angular integrals and spec-
tral values p2i = λi
∂tΓ
(2)(λ, R¯)
=− 1
2
∑∫
λ1
∫
dΩ Γ(4)(λ, λ1, x, R¯)(GR˙kG)(λ1, R¯)
+
∑∫
λ1
∫
dΩ Γ(3)(λ, λ1, x, R¯)G(λ1 + λ+
√
λλ1x, R¯)
× (GR˙kG)(λ1, R¯)Γ(3)(λ, λ1, x, R¯) . (19)
The total R¯-dependence of the flow equation enters via
the explicit R¯-terms in the vertex functions, the sym-
metrised covariant derivatives and the spectral values.
The generalisation to flows of higher-order vertex func-
tions is straightforward.
B. Vertex construction
The basic ingredients in the flow equations in Fig.1 are
the vertex functions Γ(n). We build on the parameteri-
sation for vertex functions introduced in [5, 6, 11, 121].
In contrast to earlier truncations with vertex expansions
around a flat background, all quantities exhibit explicit
R¯-dependence. Hence, our general ansatz is given by
Γ(φ1...φn)(p, R¯) = S
(φ1...φn)
EH (p;Gn(R¯),Λn(R¯), R¯) , (20)
7where p = (p1, . . . , pn) is the collection of spectral values
of the external legs and SEH is the gauge-fixed Einstein-
Hilbert action
SEH =
1
16piGN
∫
d4x
√
g (2Λ−R) + Sgf + Sgh . (21)
We employ a De-Donder-type linear gauge condition in
the Landau limit, α = β = 0.
In (20) the Newton’s constant and the cosmological
constant of the classical gauge fixed Einstein Hilbert ac-
tion are getting replaced with Gn(R¯) and Λn(R¯), respec-
tively. They parameterise the gravitational coupling and
the momentum-independent part of the n-point func-
tion. Note that the graviton n-point function in (20)
is proportional to G
n/2−1
n as well as to Z
n/2
h due to the
rescaling of the graviton fluctuation field to a field with
mass dimension one. This is captured with the split
gµν = g¯µν +
√
ZhGNhµν . The wavefunction renormalisa-
tion is in general momentum and background-curvature
dependent, Zh = Zh(p
2, R¯).
The propagator is a pure function of ∆g¯ and R¯, while
the vertices with n > 2 are functions of ∆g¯, ∇¯µ, R¯, R¯µν
and R¯µνρσ. Restricting ourselves to a background sphere,
the dependence on the Ricci- and the Riemann-tensor re-
duces to a dependence on the constant background cur-
vature R¯. With the approximation constructed in the
last section, we deal with the covariant derivatives ∇¯µ in
the vertices. We set the anomalous dimensions
ηφi(p
2, R¯) := −∂t lnZφi(p2, R¯) , (22)
throughout this work equal to zero. In the flat com-
putation [6, 11] this approximation led to qualitatively
reasonable results. The graviton three-point function is
evaluated at the point of symmetric spectral values,
p := |p1| = |p2| , θflat = 2pi/3 . (23)
We also introduce the dimensionless variables
r := R¯k−2 , g := Gk2 ,
µ := −2Λ2k−2 , λ3 := Λ3k−2 . (24)
From the graviton two-point function we extract the
mass-parameter µ(r), while from the graviton three-point
function we extract the gravitational coupling g(r) and
the coupling of its momentum independent part λ3(r). In
App. B we give a derivation and display the flow equa-
tions. In summary the set of couplings in the present
truncation is given by
(g(r), µ(r), λ3(r)) . (25)
C. Flow equations and trace evaluation
With the construction presented in the last sections,
we are left with an explicit expression for the flow of the
two- and the three-point function. The flow of the two-
point is of the form (19) and the three-point function has
a similar form according to the diagrammatic represen-
tation in Fig. 1. After projection the resulting flow equa-
tions take the form (B5) and (B6). In this work we are
interested in the fixed point equations, which are differ-
ential equations with respect to r due to the dependence
on the background curvature. According to the factori-
sation property of the approximate curved momentum
space construction, we evaluate the angular integration
in a straightforward manner in complete analogy to a
flat background computation. We are then left with the
evaluation of traces of the form∑∫
λ
f(λ, r) , (26)
for functions of the curvature r and the spectral value λ
as well as the couplings. In order to include the effects
of the background curvature we perform a spectral sum
over a four-sphere. On a four-sphere the spectrum of the
scalar Laplacian is given by
ω(`) =
`(3 + `)
12
r , (27)
with multiplicities
m =
(2`+ 3)(`+ 2)!
6`!
, (28)
with ` taking integer values ` ≥ 0. Since we are left with
only scalar spectral values we replace the spectral values
by
λ→ ω(`) , (29)
and replace
∑∫
λ
→ V −1
`max∑
`=2
m(`) , (30)
where the exact sum is achieved for `max = ∞ and we
divide by the volume of a four sphere V = 384pi
2
k4r2 . Note,
that we exclude the zero modes and start the spectral
sum at ` = 2. This does not affect the result for small
curvature r. Performing the spectral sums one then ob-
tains the traces. However, in most cases a closed form
for the sums cannot be obtained and we have to resort
to cutting the spectral sums off at a finite value `max.
Nonetheless since each trace involves a regulator function
that cuts modes off at order ω(`) ≈ k2 for non-zero r the
spectral sum is only sensitive to the modes ω(`) < k2,
which are finite in number. However, in the limit of van-
ishing curvature the spectral sum needs to be extended to
infinite order, as all modes are only regulator suppressed
for large r according to exp(−λnr), but become impor-
tant once r ≈ 1/λn. In fact, we need the limit r → 0 in
order to set the boundary conditions of the fixed-point
differential equations. It is obvious that there is only
8one physical initial conditions that fixes the solution of
the fixed point differential equation uniquely, and that is
the initial condition obtained from the flat background
limit. In fact, a proper initial condition is also necessary
from a mathematical point of view if one requires a finite
derivative, g′(r) < ∞. One infers from (B5) and (B6),
that the derivative of g(r) diverges in the limit r → 0 if
the initial conditions are not chosen appropriately. How-
ever, as argued above, this limit cannot be calculated in
practice with spectral sums as all modes contribute. In
the small-curvature region the trace is evaluated by the
early-time heat-kernel expansion where the leading order
gives the flat-background momentum integrals. In this
case we write the Laplace transform
∑∫
λ
f(λ, r) =
1
V
∫ ∞
0
ds Tr[e−s∆g ] f˜(s, r) , (31)
and one expands the trace of the heat kernel in the scalar
curvature r and the explicit dependence on r coming from
f˜(s, r). For small curvature the early-time heat-kernel
expansion is given by
1
V
∫ ∞
0
ds Tr[e−s∆g ] f˜(s, r) =
1
(4pi)2
(Q2[f ]+Q1[f ]
r
6
+...) ,
(32)
where for n > 0
Qn[f ] =
1
Γ(n)
∫
dλλn−1f(λ, r) . (33)
Using this heat-kernel expansion we translate the phys-
ical initial condition to finite r where we connect to the
spectral sum. In particular we determine the curvature-
dependent couplings as polynomials in the curvature r.
The heat kernel provides the asymptotic limit r → 0
which can be reproduced by the spectral sum in the limit
`max →∞. Thus, while the spectral sum with finite `max
captures the large r behaviour of the trace, the heat ker-
nel expanded to a finite order in r captures the small r
behaviour. Both connect smoothly for finite but small r,
for details see App. D.
V. RESULTS
In this section we present the results of the given setup.
First, we discuss the fixed point solutions of the beta
functions related to the fluctuation field couplings. In our
approach with curvature-dependent couplings, these so-
lutions are fixed point functions. Subsequently, we anal-
yse the background effective potential, which is calcu-
lated on the solution of the fluctuation field fixed point
solution, with and without Standard Model matter con-
tent. Last we look for solution of the quantum EoM and
compare to solutions of the background EoM.
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FIG. 2. Fixed point function solution for the system
(g∗(r), µ∗eff(r), λ
∗
3,eff(r)) with the boundary condition from
the first-order heat kernel. The solutions are stable in the
whole investigated region. Note, that the effective couplings
according to (37) are displayed.
A. Fixed point solutions
The beta functions for a coupling gi(r) in the present
framework are partial differential equations. Schemati-
cally, the equation a coupling gi takes the form
∂tgi(r) = gi(r)A(gj , ηh) + 2r g
′
i(r) + Flowgi(gj , r) , (34)
with a coefficient A that depends on the other scale-
depend parameters gj . For explicit expressions we re-
fer to appendix B. The fixed point equations are then
obtained by setting ∂tgi(r) ≡ 0 and we are left with
a system of ordinary differential equations. The initial
condition is imposed at r = 0 and is chosen such that it
matches the computation in a flat background [6]. For
details see Sec. IV C. The UV fixed point values for a flat
background, gi(r) = gi,0, are given by
(g∗0 , λ
∗
3,0, µ
∗
0) = (0.60, −0.12, −0.38) . (35)
with the critical exponents θ, which are the negative
eigenvalues of the stability matrix,
(θi,0) = (−3.5, 2.1± 2.1i) . (36)
These values differ slightly from the ones in [6] since we
use the gauge parameter β = 0 and the exponential reg-
ulator, see (A5). Taking this difference into account, the
agreement is remarkable and highlights the insensitivity
of our results with respect to the gauge and the regulator.
In order to display our results, it is convenient and
meaningful to introduce effective couplings that include
the explicit r dependence in the respective graviton n-
point functions. According to (A6) and (B6), these are
given by
geff(r) = g(r) ,
µeff(r) = µ(r) +
2
3
r ,
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FIG. 3. Displayed are background potentials f∗(r)/r2 obtained from the fixed point solution µ∗(r) (left and right panel) and
from the approximations µ∗eff(r) = µ
∗
0 and µ
∗(r) = µ∗0 (right panel). All curves are obtained with the condition f
∗(r = 1.4) = 0.
Other conditions just shift the potential f∗(r)/r2 by a constant. The full solution does not contain a minimum, it becomes
asymptotically flat. The approximation µ∗eff(r) = µ
∗
0 is qualitatively very good, see also Fig. 2. The approximation µ
∗(r) = µ∗0
corresponds to a pure Einstein-Hilbert computation. Here we find a minimum at r0 = 0.97.
λ3,eff(r) = λ3(r) +
1
6
r . (37)
The interpretation and relevance of these effective cou-
plings can be inferred for instance from the graviton
two-point function. In terms of µeff(r), the transverse-
traceless part of the graviton two-point function reads
Γ(0,2) = (∆ + µeff(r)) , (38)
i.e. it comprises the non-kinetic part of the correlator. As
an aside, we mention that one could define λ3,eff alter-
natively via (B5). The difference between the effective
coupling for λ3 in (B6) and (B5) arises from the different
tensor projections. We choose to define λ3,eff via (B6)
since the flow equation for g is more important in this
system.
The full, r-dependent fixed point solutions
(g∗(r), µ∗eff(r), λ
∗
3,eff(r)) are displayed in Fig. 2. We
find a fixed point solution with all desired properties.
First of all, the fixed point solution is characterised
by a positive gravitational coupling g(r) > 0, which
decreases towards larger background curvatures. In
order to get a feeling for the physical meaning of this
behaviour, we consider the quantity G(R)R = g(r)r, i.e.
the dimensionful Newton’s coupling times the curvature.
As this product is dimensionless, it can in principle be
used to define an observable. In particular, we expect
that this quantity is finite at the fixed point, which
implies g∗(r) ∼ 1/r. One might interpret our fixed
solution g∗(r) as an onset of such a behaviour. The
solutions for the mass-parameter µeff(r) and λ3,eff(r) are
almost curvature independent, which implies that the
implicit curvature dependence cancels with the explicit
one. Consequently, the behaviour is not so different
from the one of the computation on a flat background.
The full solution shown in Fig. 2 can be expanded in
powers of the dimensionless curvature, g∗i (r) = g
∗
i,0 +
g∗i,1 r +O(r2). The zeroth order is displayed in (35) and
to linear order in r we find
(g∗1 , λ
∗
3,1, µ
∗
1) = (−0.44, −0.09, −0.79) . (39)
with the critical exponents θ given by
(θi,1) = (−5.7, 0.27± 3.1i) . (40)
We find two further UV attractive directions in the linear
order of the background curvature. Further attractive
directions of the UV fixed point that are linear in the
background curvature were also found in [12].
B. Background potential
In the previous section we have presented the fixed
point solution for the fluctuation field couplings. All
background quantities depend on these dynamical cou-
plings and have to be evaluated on the above solution.
Along these lines we calculate a background field poten-
tial at the fixed point. The flow of the background poten-
tial is completely determined by the dynamical couplings
of the two-point function. In particular, the background
flow equation reads
∂tΓ[g¯, 0] =
1
2
Tr [G∂tRk]hh − Tr [G∂tRk]c¯c |φ=0 . (41)
On a sphere, the background effective action is given by
Γ[g¯, 0] =
∫
d4x
√
g¯ k4f(R¯/k2) =
384pi2
r2
f(r) . (42)
Denoting the right-hand side of (41) by F(r, µ(r)) we
obtain a flow equation for the function f(r) given by
384pi2
r2
(∂tf + 4f(r)− 2rf ′(r)) = F(r, µ(r)) . (43)
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FIG. 4. Fixed point background potential for different constant input values of µ∗eff(r). The minimum that corresponds to the
solution of the background equation of motion is at r > 0 for µ∗eff(r) . 0.77, while for µ∗eff(r) & 0.77 it is at r < 0 (left panel).
For µ∗eff(r) . 0.25 the minimum vanishes completely, while for µ∗eff(r) = 0.26 the minimum is located at r0 = 1.1 (right panel).
If we then look at the fixed point for f∗(r) we find
384pi2
r2
(4f∗(r)− 2rf∗′(r)) = F(r, µ∗(r)) . (44)
One then notes that the left-hand side is just the back-
ground EoM for f(r)-gravity on a constant curvature
background. Thus when the function F(r, µ∗(r)) van-
ishes we have a solution to the background EoM at the
fixed point given by
F(r0, µ∗(r0)) = 0 . (45)
Equivalently we can look for a minimum of the func-
tion f(r)/r2. In Fig. 3 we plot the background potential
f(r)/r2 for our full solution (left panel) as well as in com-
parison with other approximations (right panel). There
we use µ∗eff(r) = µ
∗
0 and µ
∗(r) = µ∗0 as given in (35). The
first is seen to be a good approximation from Fig.2 while
the latter reduces our computation to an Einstein-Hilbert
approximation. We observe that in the full solution and
in the µ∗eff(r) = µ
∗
0 approximation there are no solutions
to the background EoM within the investigated curva-
ture regime. This absence of a constant curvature solu-
tion is in agreement with studies of f(R) gravity in the
background field approximation [116], although solutions
have been found in calculations exploiting the exponen-
tial parameterisation [118, 119] and within the geometri-
cal approach [43, 49]. For the approximation µ∗(r) = µ∗0,
which corresponds to a pure Einstein-Hilbert computa-
tion, we find a minimum at r0 = 0.97. This is again
in agreement with computations in the background field
approximation [122, 123].
In a polynomial expansion around r = 0 the back-
ground potential of the full solution would take the form
f(r) = 0.0065− 0.0065 r +O(r2) , (46)
and consequently we obtain fixed point values of the
background Newton’s coupling and the background cos-
mological constant according to
g¯∗ = 3.0 , λ¯∗ = 0.50 . (47)
Note that λ¯ = 12 is not a pole in our computation: the
pole is only present in the graviton mass parameter µ(r).
Surprisingly the fixed point value of g¯∗ is rather large.
We compare these values with the pure Einstein-Hilbert
approximation, see blue dashed line in Fig. 3. We find
fEH(r) = 0.0065− 0.021 r +O(r2) , (48)
and consequently
g¯∗EH = 0.94 , λ¯
∗
EH = 0.15 . (49)
These values are comparable to standard Einstein-
Hilbert computations in the background field approxi-
mation as well as in fluctuation computations. Thus the
large values in (47) are indeed triggered by the non-trivial
r dependence of the couplings.
We investigate the stability of the present results by
treating µ∗eff(r) as a free parameter without curvature
dependence. In this case, µ∗eff(r) = µ
∗
0 is a good ap-
proximation for our best solution as discussed above. By
varying this parameter we see for which values a solu-
tion to the background EoM exists. With reference to
Fig. 4 we find that solutions exist for positive curvature
when 0.255 . µ∗eff . 0.77 and for negative curvature for
µ∗eff & 0.77. For µ∗eff . 0.255 there are no solutions. The
transition of the minimum from positive to negative cur-
vature is depicted in the left panel of Fig. 4 while the full
disappearance of the minimum is depicted in the right
panel. The computed value of µ∗0 = −0.38, see (35), is
far away from the value where the solution appears. Thus
we conclude that the absence of a minimum in the back-
ground potential in our full pure gravity computation is
rather stable with respect to changes in the truncation.
1. Dependence on matter
Matter can potentially have a significant influence on
the properties of the UV fixed point, see e.g. [7, 13, 59,
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FIG. 5. Depicted is the fixed point background potential
if Standard Model matter content is included. In the full
solution as well as in the Einstein-Hilbert solution we find
a minimum at small background curvature, r0 = 0.11 and
r0,EH = 0.05, respectively, which corresponds to the solution
of the background equation of motion.
63–65]. In the present work matter influences the exis-
tence of a minimum in the background potential in two
ways: On the one hand it has an influence on the fixed
point values of the fluctuation couplings, where in partic-
ular the influence on µ∗eff(r) is important. On the other
hand it has a direct influence on the background poten-
tial via the background matter loops. Both these effects
have been studied in a fluctuation computation on a flat
background, see [7] for scalars and fermions and [13] for
gauge bosons. Consequently we adapt the analysis to
curved backgrounds under the assumption that the ef-
fective graviton mass parameter µeff(r) remains a almost
curvature independent in these extended systems, similar
to the results displayed in Sec. V A.
Combining the results of [7] and [13] for Standard
Model matter content (Ns = 4, Nf = 22.5, and Nv = 12)
gives a UV fixed point at
(
g∗0 , λ
∗
3,0, µ
∗
0
)
SM
= (0.17, 0.15, −0.71) , (50)
and will be reported in [124]. For the present analy-
sis only the value µ∗0,SM is important since we now use
µ∗eff(r) = µ
∗
0,SM as an input for the background potential.
The matter content seemingly pushes µ∗eff in the wrong
direction, cf. Fig. 4. However, the matter content has
also a huge influence on the background equations. The
combined result is displayed in Fig. 5. Indeed we find a
minimum in the background potential at small curvature,
r0 = 0.11. Also in the Einstein-Hilbert approximation,
i.e. µ∗(r) = µ∗0,SM, we find a minimum at r0,EH = 0.05.
With Standard Model matter content the full solution
and the Einstein-Hilbert approximation are very similar.
This comes as a surprise as the difference was rather sig-
nificant without matter content, cf. Fig. 3.
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FIG. 6. Shown is the fixed point function f∗1 (r) for different
constant input values of µ∗eff(r). The zeros in these functions
correspond to solutions to the quantum equations of motion
(7). Our best result µ∗eff(r) = µ
∗
0 = −0.38 has a solution at
negative curvature, r0 = −1.0.
C. Quantum equation of motion
In this section we evaluate the graviton one-point func-
tion and thus look for solutions to the quantum EoM
(7). As discussed in Sec. III A the solution to this equa-
tion leads to self-consistent backgrounds that improve
the convergence of the Taylor series. Moreover, it has
been also argued there that the quantum EoM in the
limit k →∞ should be seen as an estimate for the solu-
tion of the UV EoM in the physical limit k → 0 where
background and quantum EoM agree due to background
independence.
Within the present setup the only invariant linear in
the fluctuation field is given by f1(r)h
tr with some func-
tion f1 that is determined by the fluctuation couplings.
An invariant linear in the transverse traceless mode does
not exist due to our restriction to a spherical background
and thus the absence of terms like rµνhttµν . Consequently
we evaluate (7) with a projection on the trace mode of
the graviton.
In straight analogy to the background EoM (42) we
parameterise the one-point function by
Γ(htr)[g¯, 0] =
∫
d4x
√
g¯ k3f1(R¯/k
2) =
384pi2
k r2
f1(r) . (51)
We denote again the right-hand side by F1(r, µ(r)). This
time, however, we obtain at a different differential equa-
tion for f1 due to the different mass-dimensions of g¯ and
h. Thus f1 obeys the fixed point equation
384pi2
r2
(3f∗1 (r)− 2rf∗1 ′(r)) = F1(r, µ∗(r)) . (52)
We solve this equation with the initial condition that
f∗1 (r) is finite at r = 0. Consequently we combine a heat
kernel expansion around r = 0 up to the order r3 with a
spectral sum evaluation for large, positive curvature. For
results at negative curvature we rely on the heat kernel
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FIG. 7. Visualisation of the existence of a solution to the background and quantum equation of motion in dependence on the
parameter µeff. Solutions at positive curvature (r > 0) and negative curvature (r < 0) are distinguished.
expansion, but from a comparison of the heat kernel re-
sults with the spectral sum at positive curvature we can
estimate the radius of convergence of the heat kernel. We
estimate the latter by the range where the relative change
is in the sub percent regime. We find that the radius of
convergence is approximately given by rconv ≈ 1. The
radius of convergence increases for larger µ∗eff(r).
The resulting fixed point functions f∗1 (r) are shown in
Fig. 6. For our best result µ∗eff(r) = µ
∗
0 = −0.38, f∗1 (r)
has a root at negative curvature, r0 = −1.0, which cor-
responds to a solution to the quantum EoM. The result
lies within the radius of convergence of the heat-kernel
expansion and thus we consider it trustworthy.
We again check the stability of the solution by treat-
ing µ∗eff(r) as a constant free input parameter. For more
positive values, µ∗eff > µ
∗
0, the root of f
∗
1 (r) moves to-
wards larger curvature, but always remains negative. In
the limit µ∗eff → ∞ the root is located at r0 = −0.42.
For more negative values, µ∗eff < µ
∗
0 the root of f
∗
1 (r)
moves towards smaller curvature and eventually the root
disappears at µ∗eff = −0.62, cf. Fig. 6. This result has to
be taken very careful since at µ∗eff = −0.62 the root is
located at r0 = −2.2 and thus lies outside of the radius
of convergence of heat kernel. At µ∗eff = −0.71 a new
solution appears at positive curvature, r0 = 2.7. This
root remains also for more negative values of µ∗eff until
the pole at µ∗eff = −1. The roots at positive curvature
are obtained with the spectral sum and thus do not rely
on the radius of convergence of the heat kernel.
We have visualised the existence of a solution to the
background and quantum EoM in Fig. 7. The quantum
EoM has almost always a solution, only in the range
−0.71 < µ∗eff < −0.62 no solution exists. This range
may even disappear with better truncations or an im-
proved computation at large negative curvature. The
background EoM on the other hand only allows for a so-
lution for µ∗eff > 0.26, and thus in a region that is very
unusual for pure gravity computations.
VI. SUMMARY AND OUTLOOK
In this work we have developed an approach to asymp-
totically safe gravity with non-trivial backgrounds. As a
first application of the novel approach we computed the
f(R)-potential and discussed solutions of the equations
of motion.
We have also given a discussion of functional ap-
proaches to quantum gravity that take into account the
necessary background independence of the theory. We
have discussed, for the first time in quantum gravity, that
background independence and diffeomorphism invariance
can be achieved iteratively in any approximation scheme,
based on a similar argument in non-Abelian gauge theo-
ries, see Sec.II. We have also emphasised the relevance of
aiming for solutions that satisfy all functional relations.
We have argued that this is tightly bound to the question
of unitarity.
The approach is based on a vertex expansion of the
effective action about non-trivial backgrounds, which at
present are restricted to constantly curved backgrounds.
Our explicit results are based on a truncation that in-
cludes the flow of the graviton two- and three-point func-
tion and thus the couplings g, λ3, and µ. The construc-
tion of an approximate momentum space, cf. (18), al-
lowed us to evaluate these couplings without a deriva-
tive expansion in momentum p or curvature r. In this
work we focused on the curvature dependence and thus
all couplings are functions of the curvature, g(r), λ3(r),
and µ(r). The flow equations for these coupling func-
tions were obtained with spectral sums on a sphere. The
results are smoothly connected to known results at van-
ishing background curvature with heat-kernel methods.
As one main result we found UV fixed point functions
that confirm the asymptotic safety of the present system.
Interestingly, the effective fixed point couplings, λ∗3,eff(r)
and µ∗eff(r), cf. (37), turned out to be almost curvature
independent over the investigated range: the couplings
counterbalance the explicit curvature dependence of the
n-point functions.
We have also discussed the background and the quan-
tum equation of motion, (6) and (7), in Sec.III. At k = 0,
their solutions agree due to background independence. In
turn, at finite k the solutions to background and quantum
equations of motion differ due to a regulator contribution
to the modified Nielsen identity. This signals the break-
ing of background independence in the presence of the
cutoff. We have argued in the present work that at finite
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cutoff it is the solution of the quantum equation of mo-
tion that relates directly to the physical solution of the
equation of motion at vanishing cutoff.
We explicitly evaluated both equations of motion with
the UV fixed point functions and indeed found different
solutions: The background equation of motion does not
feature a solution. Only with Standard Model matter
content a solution at small curvature is present. The
quantum equation of motion exhibits already a solution
at negative curvature without any matter content. We
have checked the stability of these statements by scan-
ning for solutions in the parameter µ∗eff. The background
equation of motion without matter features a solution
only for very large values of µ∗eff, far away from most val-
ues observed in pure quantum gravity truncations. On
the other hand the quantum equation of motion has a
solution for almost all µ∗eff. This indicates that the ex-
istence of a solution seems to be robust with respect to
changes in the truncation. We have visualised this be-
haviour in Fig. 7.
The discussion of the equation of motion leads us di-
rectly to a specific observable: the effective action, eval-
uated on the equation of motion. In standard quantum
field theories this is the free energy, and it is gauge and
parameterisation independent. For the present approach
this is discussed in Sec. III A. We therefore expect only
a mild dependence on these choices within sensible ap-
proximations to the full effective action. Indeed, this
has been observed in the background field approxima-
tion [125, 126]. It would be interesting to see whether
this property is also holds in the present approach that
goes beyond the background field approximation. At fi-
nite cutoff this investigation can be done by studying the
gauge and parameterisation independence of the effec-
tive action evaluated on the quantum equation of motion.
This will be discussed elsewhere.
Possible improvements of the present work involve
the inclusion of momentum- and curvature-dependent
anomalous dimensions as well as the inclusion of further
R2- and R2µν-tensor structures in the generating vertices.
It would be very interesting to extend the present work
to more general backgrounds. Moreover, the present ap-
proach also allows us to take the limit k → 0. This
allows us, for the first time, to directly discuss asymp-
totically safe physics directly for the physically relevant
cutoff scale k = 0. Applications range from asymptot-
ically safe cosmology with the quantum f(R) potential
as well as the UV-behaviour and phenomenology of the
asymptotically safe (extensions of the) standard model.
We hope to report on these applications in the near fu-
ture.
Acknowledgements We thank B. Knorr, S. Lippoldt,
T. Morris and C. Wetterich for discussions. NC acknowl-
edges funding from the DFG under the Emmy Noether
program, grant no. Ei-1037-1, and MR from IMPRS-
PTFS. This work is supported by the Helmholtz Alliance
HA216/EMMI and by ERC-AdG-290623. It is part of
and supported by the DFG Collaborative Research Cen-
tre SFB 1225 (ISOQUANT).
Appendix A: Propagator
We use the standard York decomposition to invert the
two-point functions. The York-decomposition for the
graviton is given by
hµν = h
tt
µν +
1
d
g¯µνh
tr + 2∇¯(µξν) +
(
∇¯µ∇¯ν − g¯µν
d
∇¯2
)
σ .
(A1)
and for the ghost by
cµ = c
T
µ + ∇¯µη , (A2)
and analogously for the anti ghost. With the field redef-
initions according to [24, 44, 51]
ξµ → 1√
∆¯− R¯4
ξµ ,
σ → 1√
∆¯2 − ∆¯ R¯3
σ ,
η → 1
∆¯
η , (A3)
we cancel the non-trivial Jacobians and achieve that all
field modes have the same mass dimension. We choose
the gauge α = β = 0 and choose the regulator propor-
tional to the two-point function
Rk = Γ
(2)
∣∣∣∣∣
Λ→0, R→0
· rk
(
p2
)
. (A4)
Here and in the following in this appendix, p2 always
refers to the dimensionless spectral values of the scalar
Laplacian. For the regulator shape function rk, we choose
an exponential regulator
rk(x) =
e−x
2
x
. (A5)
The propagator has the form
G =
32pi
Zh

1
p2(1+rk(p2))+µ+
2
3 r
0 0 0
0 0 0 0
0 0
− 83
p2(1+rk(p2))+
2
3µ
0
0 0 0 0
 ,
(A6)
where the first entry is the transverse traceless mode and
the third entry is the trace mode. All other modes vanish
due to Landau gauge, α = 0. Furthermore, we get the fol-
lowing expressions for the background flow of the differ-
ent graviton modes, where still the spectral sum/integral
or heat-kernel expansion has to be performed,
1
2
Tr[G∂tR]htt =
r2
768pi2
p2
(
∂trk
(
p2
)− ηhrk (p2))
p2 (1 + rk (p2)) + µ+
2
3r
,
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FIG. 8. Comparison of the trace evaluation using different Laplacians and starting with different eigenvalues. In particular we
compare the spin-two Laplacian ∆2 and the spin-zero Laplacian ∆0 and further we start once from the zero mode and once
start from the l = 2 mode. In the left panel we display the background flow Tr [G∂tR] of the combined transverse traceless and
trace mode, where also the exact solution is computed. In the right panel we display the self-energy diagram of the two-point
function, which is the second diagram in Fig. 1. From these results we infer that this particular approximation is qualitatively
reliable in the range r < 2.
1
2
Tr[G∂tR]ξ =
r2
768pi2
p2
(
∂trk
(
p2
)− ηhrk (p2))
p2 (1 + rk (p2))− 14r
,
1
2
Tr[G∂tR]htr =
r2
768pi2
p2
(
∂trk
(
p2
)− ηhrk (p2))
p2 (1 + rk (p2)) +
2
3µ
,
1
2
Tr[G∂tR]σ =
r2
768pi2
p2
(
∂trk
(
p2
)− ηhrk (p2))
p2 (1 + rk (p2))− 13r
.
(A7)
And for the ghosts
−Tr[G∂tR]c = − r
2
384pi2
p2
(
∂trk
(
p2
)− ηcrk (p2))
p2 (rk (p2) + 1)− r4
,
−Tr[G∂tR]η = − r
2
384pi2
p2
(
∂trk
(
p2
)− ηcrk (p2))
p2 (rk (p2) + 1)− 13r
.
(A8)
Appendix B: Flow equations
The flow equation for the transverse traceless part of
the graviton two-point function is given by
1
32pi
∂t
(
Zhk
2
(
µ+ p2 +
2
3
r
))
= k2ZhFlow
(2h)
tt (p
2) .
(B1)
Here we suppressed the dependences of the couplings on
e.g. background curvature r or spectral values p2 to im-
prove readability. All dependences are as in Sec. IV B.
The expression Flow is used as in [11] and stands here
and in the following for the dimensionless right-hand side
of the flow equation divided by appropriate powers of the
wave-function renormalisations. The superscript speci-
fies the n-point function, while the subscript refers to
the tensor projection.
From (B1) we obtain the flow equation for the trans-
verse traceless graviton mass parameter
∂tµ =(ηh − 2)µ+ 2
3
ηhr + 2rµ
′ + 32piFlow(2h)tt (p
2 = 0) ,
(B2)
where the ′ refers to a derivative with respect to r.
The graviton three-point function is projected in straight
analogy to the flat computation [6]. We focus on the
transverse traceless part and define the two projection
operators ΠΛ and ΠG as
ΠΛ = Π
3
ttS
(3h)
EH (p
2 = 0, r = 0) ,
ΠG = Π
3
ttS
(3h)
EH (Λ = 0, r = 0) , (B3)
which we use for the projection on λ3 and g, respectively.
The resulting flow equations are
∂t
(
Z
3/2
h k
2√g
(
5
2304
r +
5
192
λ3 − 9
4096
p2
))
= k2Z
3/2
h Flow
(3h)
Λ (p
2) ,
∂t
(
Z
3/2
h k
2√g
(
− 3
8192
r − 9
4096
λ3 +
171
32768
p2
))
= k2Z
3/2
h Flow
(3h)
G (p
2) . (B4)
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FIG. 9. Comparison of fixed point functions with initial condition at different curvature values rstart ∈ {0.01, 0.03, 0.05, 0.07}.
In the left panel we compare the fixed point functions of the Newton’s coupling g(r) and in the right panel the effective graviton
mass parameter µeff(r) = µ(r) +
2
3
r. Both fixed point functions show only a small dependence on the initial condition. All
initial conditions are determined by g∗i (rstart) = g
∗
i,0 + rstart g
∗
i,1, where the zeroth and linear order in r of the couplings are
given by (35) and (39).
The flow of λ3 is extracted at vanishing spectral value
p2 = 0, while the flow of g is extracted with a derivative
with respect to the dimensionless spectral value p2 at
p = 0. The result is
∂tλ3 =− 2λ3 + 2rλ′3 +
(
3
2
ηh +
1
2
2g − ∂tg + 2rg′
g
)(
λ3 +
1
12
r
)
+
3
80
(32pi)2√
gk
Flow
(3h)
Λ (p
2 = 0) , (B5)
∂tg =2g + 2rg
′ + 3ηhg − 24
19
(
∂p2ηh
∣∣∣∣
p2=0
)(
λ3 +
1
6
r
)
g +
64
171
(32pi)2
√
gk∂p2Flow
(3h)
G
∣∣∣∣
p2=0
. (B6)
The derivation of the flow equations in this section re-
quired contractions of very large tensor structures. These
contractions were computed with the help of the symbolic
manipulation system FORM [127, 128]. We furthermore
used the Mathematica packages xPert [129] for the gen-
eration of vertex functions, and the FormTracer [130] to
trace diagrams.
Appendix C: Check of approximations
In Sec. IV A we have explained that all vertices in
a curved background contain uncontracted covariant
derivatives. We have circumvented this issue by using the
approximation displayed in (18). This problem reoccurs
during the contraction of the diagrams, since the usual
York-decomposition projection operators Πi are needed,
with i ∈ {tt, tr, . . . }. The projection operators are func-
tions of the background Laplacian and the background
covariant derivative Πi(∆¯, ∇¯), where the latter covari-
ant derivatives are again approximated by (17) and (18).
This however causes us to mix up the different spin Lapla-
cians, spin-two ∆2 and spin-zero ∆0. Other Laplacians
do not occur since the graviton propagator only has a
non-vanishing transverse traceless and trace mode. In
the this work we choose to use the spin-zero Laplacian.
For the background flow this mixing of Laplacians does
not occur since the propagator is not a function of the
covariant derivative. Hence we use the background flow
to estimate the error of our approximation. Here we focus
on the transverse traceless and the trace part since these
are the relevant modes in the fluctuation computation.
The exact result with our regulator is given by
Tr [G∂tR]tt,tr =
`max∑
`=2
m2(`)(G∂tR)tt(∆2(l))
+
`max∑
`=0
m0(`)(G∂tR)tr(∆0(l)) , (C1)
while we compare it to the approximations
(C1) ≈
`max∑
`=0
m0(`) (5(G∂tR)tt + (G∂tR)tr) (∆0(l)) (C2)
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≈
`max∑
`=2
m0(`) (5(G∂tR)tt + (G∂tR)tr) (∆0(l)) (C3)
≈
`max∑
`=2
m2(`)
(
(G∂tR)tt +
1
5
(G∂tR)tr
)
(∆2(l)) .
(C4)
Here `max is chosen such that the trace is fully converged
in the investigated curvature range and the factors 5 and
1
5 appear due to the five transverse traceless modes com-
pared to the one trace mode.
The results are shown in Fig. 8 in the left panel. For
small background curvature r all results agree qualita-
tively well. For large background curvature the difference
is becoming more significant. This can be easily under-
stood: in the exact result (C1) only the trace mode is
equipped with a zero mode, while in the first approxi-
mation (C2) all modes are equipped with a zero mode.
In contrast in the second and third approximation, (C3)
and (C4), no mode is equipped with a zero mode. The
zero modes dominate for large curvature and thus it is
clear that the approximation fails in this regime.
In other words, the symmetrised products of covariant
derivatives in the projectors are effectively commuting in
our approximation. The transverse traceless projection
basically traces out the degrees of freedom of the trans-
verse traceless mode and leaves us with a scalar quan-
tity. With this approximation, there is an ambiguity re-
lated to the Laplace operator, which can be chosen as the
spin-zero or spin-two Laplacian. As already mentioned
we choose to use the spin-zero Laplacian without zero
modes, i.e. approximation (C3).
In the right panel of Fig. 8 we compare these different
choices for one particular diagram of the graviton two-
point function, where the exact result is not available
within our truncation. We observe that the results are
almost identical for small curvature, i.e. r < 2. For r > 2
the results differ qualitatively due to the different treat-
ment of the zero modes. We conclude that the validity
of our approximation is bound by r < 2.
Appendix D: Insensitivity on initial conditions
As explained in Sec. IV C we have to give initial con-
ditions to the beta function since they are the first-order
linear differential equations. In principle the initial con-
dition has to be given at vanishing curvature r = 0 since
there are the divergences of the differential equations.
However the spectral sum converges only point wise and
the number of modes that have to be included grows
exponentially towards r → 0. Consequently we give the
initial conditions at some finite rstart that should be close
to r = 0. The value there is obtained by expanding the
heat kernel expansion (32). One can then check that the
spectral sum and heat kernel agree in the small back-
ground curvature regime where both methods converge
[122, 123]. In this appendix we discus the sensitivity of
the fixed point functions to the choice of rstart.
The initial condition for some coupling gi is determined
from the zero and first order of the heat-kernel expansion
around r = 0, i.e. by g∗i (rstart) = g
∗
i,0 + rstart g
∗
i,1 where
g∗i,0 and g
∗
i,1 are determined by the heat-kernel compu-
tation and the solutions are displayed in (35) and (39).
On the one hand the quality of this initial condition gets
worse for large rstart since this is a linear approximation
of the curvature dependence of the couplings. On the
other hand the quality also gets worse for too small rstart
since we are too close to the singularity at r = 0. Con-
sequently we have to find a region in between where the
fixed point functions for the couplings are stable against
small variations of rstart.
From the chosen rstart we integrate the differential
equations upwards to large r. Integrating down would
quickly run into into the singularity at r = 0. In
Fig. 9 we display the resulting fixed point functions
for g∗(r) and µ∗eff(r) for different choices of rstart ∈{0.01, 0.03, 0.05, 0.07}. We observe that the fixed point
functions for g∗(r) (left panel of Fig.9) agree almost per-
fectly for all chosen start values. Only for rstart = 0.01 we
observe a tiny deviation. For the fixed point functions of
µ∗eff(r) (right panel of Fig. 9) we observe larger, but still
small deviations. Again for rstart = 0.01 the deviations
are the largest. We conclude that the this start value is
too close to the singularity at r = 0. The results in this
work were computed with rstart = 0.03.
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